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Nonequilibrium space flows with an arbitrary number of relaxation processes in-
herent to homogeneous and heterogeneous media are considered, Sufficient con-
ditions for the existence of flow field regions in which conventional linear theory
is inapplicable, are formulated, A method is proposed for the construction for
these regions of a nonlinear theory of weakly perturbed flows,

Applications of the conventional linear theory for investigating equilibrium
and nonequilibrium flows is limited, This is partly due to incorrect formulation
of such theory, and partly to the impossibility to define some of the flow regions
by linear equations [1-3], Modification of the conventional linear theory of
equilibrium and nonequilibrium flows (see, e, g, [4]) made it possible to widen
the range of its applicability and improve its accuracy, Nonlinear equations
were used in [5—8] for defining nonequilibrium weakly perturbed flows with a
single relaxation process, Weakly perturbed flows with an arbitrary number of
nonequilibrium processes are analyzed in terms of the linear theory in [9~-13].

1, Letus consider a nonstationary space flow of an inviscid and nonheat-conducting
gas in which various nonequilibrium processes may take place, Let p be the density, p
the pressure, z, y, z a system of Cartesian coordinates, ¢ the time, V the velocity
vector with projections u, v, w and ¢ the speed of sound (unless otherwise stated ¢ is
assumed to be the propagation rate of small perturbations, when all relaxation processes
are frozen), The fundamental equations of conservation may be presented in the follow-

ing form: d
P dv d d
V=L, pr4Vp=1, Pl L @y
where 1 = {L,, L3, L,}, and vector L = {L,}(k =1, 2, .. ., 5) is determined
by the nonequilibrium processes, It is assumed that L does not contain derivatives of
p, p and V,
We introduce new independent variables
gf = gi (t) x, Y, Z) (i= 1,2, 3,4 (1.2)
with a nonzero Jacobian of transformation, and use the notation
BE,; %, ok, Bk ;
M= ap= G ap= T 4=

Ui=Ap+ AV, Aj= {4, 455, 43}, 0 = | AP

The system of Egs,(1,1) in new variables assumes the form

647



648 R.A.Tkalenko

4 4

2 (odi g+ Usgt) =L §1(0’6&+Avg§) P9

=1
4
zUé(gE Czaaap ) Ly

j=1

The gystem of Eqs, (1, 3) is generally quasi-linear, The matrix of coefficients at de-
rivatives contains five rows and 20 columns, It can be divided into four square matrices
5x5, whose elements are the same as the coefficients at derivatives of u, v, w, p and
p with respect to g,

P4, pAiz pdy O U,
pU; 0 0 4, 0
‘O. pUi 0 Ai:s 0
0 0 pU; 4, 0
0 0 0 Ui ""020'2

(1..4)

Let us calculate the determinant of this matrix
Ay = U (U — o ?)

The system of Egs, (1, 3) can be solved for derivatives with respect to &;, if A; 5= 0.
When A; = 0 ,the hypersurfaces §, = const represent characteristics, and the rows
of matrix (1,4) are linearly dependent [14], Let us determine the coefficients of this
linear dependence, i, e, find the eigenvector of the transposed matrix, which corresponds
to the zero eigenvalue, It can be defined by an expression of the form

S = {U; — Fdy; — A5 — iy U} (1.5)

Multiplying Eqs, (1, 3) by related projections of vector S and adding, we obtain
4

D [eer A — AU) - + (U0 — Ay 5 ] LS (L6)
j=1

Equation (1, 6) contains only one derivative with respect §; viz that of p, and, if §;
is a characteristic variable, there are no such derivatives, (For j = { the coefficients
at 0V / GE; are identically zero and the coefficient at dp / 9; isequal A;/ p°U;.)

We solve the system of Egs, (1.3) by the method of small perturbations, We represent
the dependent and independent variables in the following form:

Q= O 4 e™Qy’, & =¢'if; (1.7

where & is some small parameter, Q, with &k = 1, . .., O denotes, respectively,
u, v, w, p and p,and azand r; are constants with j = 1, 2, 3, 4. It is assumed
that the following conditions:

Q° = const, az >0, p° p°# 0
are satisfied, and that the equality V° == ( is only possible for nonstationary flows,

The zero approximation )’ can correspond either to a uniform oncoming stream
(supersonic flow past a slender profile) or to some point of the flow field (e, g, values
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of parameters at the center of a nozzle),

Let us substitute (1, 7) into (1, 3) and consider separately each expression containing
a partial derivative with respect to any variable, with only the term of lower order with
respect to g retained in it, As the result we obtain a system of linear equations in par-
tial derivatives which superficially does not differ from (1, 8), The difference is in that
coefficients at derivatives 9Q,' / 0%;' are replaced by their values calculated in the
zero approximation and that each term is multiplied by & in some power (we denote it
by B;u), which formally determines its order of smallness, From (1, 3) and (1,7) we

can obtain Bjp = ap -+ 1 (1. 8)

It is convenient to consider all quantities in the derived equations as dimensionless,
We relate the dimension of length to some characteristic linear dimension, velocity to
¢°, density to p°, pressure to p°c°? ,etc, We omit primes at perturbed quantities,

Let us assume that al! terms in the derived equations are of the same order, which re-
duces (1, 3) to the form v

av °
Agr +US ag = Ly — % (Afaa +U; :é’) (1.9
=i
- op
@%4—%&1 1 %( 385+A,6§)
caP oaP' of8p ap
U‘i ag U‘l 851. EvgiUJ (aa 6_5-

It follows from condition f§;, = B and (1, 8) that all azand r; are expressed in terms
of two parameters: «, = @ and 7; =  — @. These conditions conform to the con-
ventional linear theory (the flow is defined by a linear system of equations), Terms of
first order with respect to & (¢ = B = 1) are considered in the classical linear theory
with & determined by boundary conditions,

Let us consider the matrix of coefficients at derivatives with respect to §; appearing
in (1, 9) (it is formally the same as (1, 4), if zero approximations are substituted for its
elements), Condition A; = ( is obviously determined by the choice of independent
variables (quantities A4;;), as well as by the choice of the zero approximation (values
of V°). Let us assume that in some region of the flow the following three conditions
are satlsfled: 1o Poan0, 2. AS=0, 3. 0005000k () (1.10)

Conditions (1, 10) are sufficient for making the conventional linear theory inapplica-
ble in the indicated region, Condition 1° implies that at least one element of each row
of matrix (1, 4) is nonzero, condition 3° shows that derivatives with respect to E; can be
neglected in (1, 9) as being considerably smaller than §;. Finally, in virtue of 2° a linear
dependence exists between the left-hand sides of Egs, (1, 9), hence the corresponding sys-
tem is either incomplete or inconsistent (in the absence of such dependence between its
right-hand sides),

2, Let us determine the flow regions which satisfy conditions (1, 10) for 3 stationary
plane flow of perfect gas (L = 0). We consider the problem of flow past a slender pro-
file,setting &, = £ and & = 7, We select the system of coordinates so that »°=0
and u® = M. Asthe zero approximation we select parameter valuesof the steady on-
coming stream, We then have U,° = AgoMo, Us® = A3eMe, 052 = Ag® + Ass®
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and condition 2° becomes
Ags® = Age® (Mo? — 1) (2.1

If isthe characteristic variable, then for a supersonic flow (M« > 1) condition
(2,1) is satisfied, Conditions 1° and 2° are satisfied, for example, for 4,, = Ag3 = 1,
Agy = — V Mx? — 1and A4, == 0,which is equivalent to the following selection
of variables: 1 =y, &t = &, = 2 — y )/ M® — 1. Thus the conventional linear
theory is inapplicable in flow regions, where the derivatives with respect to £ and 7 are
of different order (condition 3°),

Let us formulate a modified linear theory for these regions [4], Assuming that £ is
the characteristic variable of the input system (1,3) (i,e. A, = 0 is satisfied exactly
and not in the zero approximation), we find that derivatives with respect to ¢ do not ap-
pear in (1,6), From (1, 9) and (1. 6) we obtain

w=— MJp=— Mlp= (M% — 4)"w (2.2)
%JFVMi_ig_g:o (2.3)

The solution for velocity is of the form u == F (£) with function F determined by
boundary conditions,

Setting £ = & + ¥ (&, M) in accordance with the method of deformed coordi-
nates [15], for the determination of ¥ from the condition A, == () we obtain the equa-

tion 2V ME —1 13‘1’+(%+1)M2F(§0)~

where % is the adiabatic exponent of gas, The derived formulas determine the solution
of the problem in the region in which the conventional linear theory is inapplicable,
Let us apply another method, We assume that & = §, is the characteristic variable
of the linearized system of Egs, (1, 9),1.e, that A, = ¢ is satisfied only in the zero ap-~
proximation, Neglecting smalis of higher order and allowing for (2, 2) we obtain A, ==
(¢ + 1) M3_u. Using (2,2) and the formula for A,, we reduce Eq, (1,6) to the nonlinear

equation au
(4 1) MEu 5~ +3VM2 15y =0

The solution of this equation is exactly the same as that derived by the method of de-
formed coordinates, Thus in the case of a perfect gas the modified linear theory and the
nonlinear theory of weakly perturbed flows yield the same results,

For transonic flows (M, = 1) formula (2, 1) implies that A4,, == 0. Let us assume for
simplicity that Aj, == 0, Ayy = Az =1, i,e, £ =z and = y,then U, =1, Uy’ =
0, @y® = 1 and conditions 1° and °2 are satisfied, If we assume that condition 3° is also
satisfied, then from the first two equations of (1, 9) we obtain p = p = -—u. To avoid
a wivial solution it is necessary to set in the third equation of (1,9) dv/ 8t = — 8p / on.
Carrying out on (1, 6) the same wansformations as in the previous case, we finally obtain

ou v 817

This is the known equation of the theory of small perturbauons in transonic flows,
The analysis of (1, 8) and of the order of the nonlinear term yields o, =@;=%~ @,
a, =3a/2, r, = f— a, r,= P — a/ 2. It is usually assumed that ¢ = § =
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Inthat case u = O (g), v = O (e"), ¢ = O (1) and y = O (e'4) , which are
known estimates of the theory of weakly perturbed transonic flows.

For subsonic flows (M, < 1) condition (2, 1) cannot be satisfied, hence the consi-
dered regions of inapplicability of the linear theory donot exist in the case of subsonic
speeds, The known problems of particular perturbations for equations of the elliptie kind
[15] depend on boundary conditions,

3. Let us enumerate all regions of nonstationary space flows for which conditions
(1,10) are satisfied, and derive the nonlinear equations which define weakly perturbed
flows in these regions,

We assume that derivatives with respect to &; are of the lowest order of smallness,
Indices ¢ and ° will be omitted (U,° = U, 0" = w, §; = § ,etc,) whenever this
does not lead to misunderstandings, We denote by f§; the lowest exponent of f3;,, with
k=1, 2,..., 5(B;=P). We consider A;; as constants and assume that condition
2° is satisfied only in the zero approximation, Conditions 1°—3° can be written as

1°0 U£0, 2 U2 =0 3° <L By GFD (3.1)

Five fundamentally different cases exist when conditions (3, 1) are satisfied,

First case, f;, = B foranyk, i,e, all derivatives with respect to £ are ofthe
same order, From (1, 8) we directly obtain that a, = @, f;p =Bj, r =B — «
and r; = B; — «a. After the substitution of (1,7) into system (1, 3), using the derived
equalities and neglecting right-hand parts (see below), we obtain the following solution:

p=p UV=—Ap (3.2)
From these formulas and condition 2° we can obtain
A; = — Ua®yp (3.3)

where ¥ is a constant (for a perfect gas vy = % -+ 1).

When applying the method of small perturbations to (1,6), we assume that the nonlinear
term containing a derivative with respect to £ is of the same order as derivatives with
respect to §;, hence @ -+ B = ;. Thus the order of magnitude of parameters is in this
case

op=0r=3§—aqa r;=p (+9H (3.4)
Equation (1, 8) assumes the form
=t g ”

Note that, if the equality @ -+ B = §; is satisfied for a particular j there are no
derivatives with respect to other variables under the summation sign in (3, 5),

It follows from (3.4) and (3, 5) that L = O (g%*#). Because of this the right-hand
parts of (1, 3} are not taken into account in the derivation of (3,2),

Second case, f;, = P (k= n) and B; 5 (O for at least one value of J. In
such a case allderivatives with respectto £, except 99, / 9&, are of the same order, It
follows from (1, 4) that system (1, 3) has a trivial solution for n = 4, 5 (all derivatives
with respect to § are zero), hence we assume n = 1, 2, 3. Below we consider, forsim-
plicity, the case of n = 2,

The reason for using condition B; == ( is to make it possible to equate the order of
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the nonlinear term to that of the derivative dp / 9§;. To avoid a trivial solution it is
necessary to set in the third of Eqs, (1,3) 4;3 = 0. The final form of the system of
equations is U
4
p=p=—gu=—ruw UZ ‘9” ZA,3 (3.6)

Aiz AM

Ag=0, —23 B; L oup gg’ ~L.S
The order of terms is

Up =0, O =20, r=f—a, =0, r; >p (i) 3.7

If B, = 0 (! # i, ]), the corresponding terms simply vanish from the last of Egs,
(3.6).

Third case, f;, =P(ksn) and B, = ( for at least one value of ¢{ For
B, = 0 it is possible to equate the order of the nonlinear term to that of highest deri-
vative with respect to §,. For n = 2 dv / 0%, issuchaderivative.Thus B + a =
@ -+ r;. Furthermore, the condition of nontriviality of solution of the third of Egs, (1,3)
implies that @, 4+ B — a = a + r,. Taking into account (1, 8), we finally obtain

ahza;an=30/2,r”—‘ﬁ~a,rl=ﬁ-—a/2,rj>ﬁfor (308)

B;i#=0,ri>p—a/2 for B; =0 G+iD
The fundamental equations that define the flow in this region are

p=p=—qu=—gw A=0 Ug ZAzsap (3.9)
2 3B UD A a—”——oﬂ'rpili=L-S

iy 4 “718 5, F

=it J I#4

Subscripts [ and j relate to variables £, for which B; = 0, and to those for which
B; == 0 ,respectively, Note that all coefficients B can vanish only in the case of a
stationary transonic flow, In the case of a nonstationary flow this condition would imply
that the Jacobian of wansformation (1, 2) is zero,

Fourth case, PB;;, = P (ks n,s) and B; = 0 for at least one value of ;.
All derivatives with respect to §, except two, are of the same order, A nontrivial solu-
tion exists only for n, s = 1, 2, 3. Setting n = 2 and s = 3, we find from the third
and fourth of Eqs, (1,3) that A;3 — 4;, = 0. Applying the same reasoning as in the
previous case, we obtain the system of equations

U v ap ow ap
p=p=———u, U-—:-——-ZA-a—-, USZ=—2 AjsE (3.10)
a, i aa. 3 &l i,
Apy=A4,=0, —2> B,ai —otp 2 5 =L-S
it
1If B, =0 (I # i, J), the related term simply vanishes in the last of Eqs, (3.10).

In this case the order of terms is as follows:
ap=a(k#%ns), a, =, =20, r=p—a, r;>r=0§ 611
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It should be noted that at first glance L, and L, should have been retained in the
right-hand parts of the third and fourth of Eqs, (3, 10), However, a closer examination
of relaxation processes shows that they can be neglected,

Fifth case, 6”1 = f) (;’g -‘;‘E n, S} and B; = {}, We ascribe subscri lPl ! to those
variables for which B; = 0 and subscript ; to those for which B; 7= (. Assuming
as in the previous case that the order of the nonlinear term is the same as that of the
term containing gy / 0%, or Jw / 0%, (with n = 2 and ¢ = J) we obtain

pmp= — Ly, U A2 pow_ N4 0p .
p=p= a, ’ 3t é.l 13 38 3, ’ F3 é:t MBE, (3.12)
Ay=4i=0, —23 B3P +Uza§ (A + Ayqw) —

jwi 3

@2713%2: L-S

In this case all remarks about B made in the analysis of the third case are valid, The
order of parameters is as follows:

O =0, Gp =@ =3a/2,r=f—a,rp=3—0a/2,r; =5 (313)

Further increase of the number of derivatives of higher orfer with respect to [ yields
trivial equations,
It follows from the above calculations that in all cases

L-S=UL;°— A)° + ULy = O (e**F) (3.14)

4, Let us consider a homogeneous or heterogeneous medium in which IV unsteady
processes can take place (oscillatory relaxation, chemical reactions, mismatch of velo-
cities and temperatures of solid or liquid particles and gas, interphase mass transfer, etc),

We denote the relaxation parameter (completeness of an unsteady process) by ¢; and
the affinity of such process by Q; = gjs — ¢5 (gje is the equilibrium value of the re-
laxation parameter), We omit the general expression for L, and present it directly in
the linearized form, For this we segregate all relaxation processes into several kinds,

We assume that for small variation of flow parameters % relaxation processes weakly
deviate from the equilibrium state (near-equilibrium flow Q,° = 0), I + m processes
proceed very slowly (near-frozen state, @,° = 0, @,,° 5= (), and 7 relaxation processes
may pass from the frozen to the equilibrium state (@,° = 0). The expression for L.S
can be presented in the following general forms

9Q

L-S= UZEHk -+ U® > H, aa (k+l4+m+4n=N) (41)
j=l,mm
Application of the method of small perturbations to kinetic equations yields [9, 11]
= QA7 + Q0! (4.2)

where A ; are relaxation times,
In what follows equilibrium values of relaxation parameters will be presented in the

form gse = Esp (4.3)
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Equations (4, 1) and (4, 2) will be used in flow regions in which the conventional lin-
ear theory is inapplicable (i, e, in regions corresponding to the five considered cases,
hence for nonequilibrium processes dependent on energy exchange Eq, (4, 3) follows from
ge = g, (P, ), since for all five cases @ = p. If the nonequilibrium processes de-
pend on the exchange of momentum, then ¢, = u, v ,or w [16], and the velocity
components are either expressed in terms of p, or do not appear in L-S (in consequence
of Ai3 == 0 GA;',; == 0).

With the use of (4, 3) the kinetic equations (4,2) can be presented in the following
two alternative forms:

aQ ¥ 8 Q 39‘ <

Knowing the order of parameters £ == O (¢*%), p = O (e*)and L.S = O (e*+#),
which are the same for all five of the considered regions of linear theory inapplicability,
we can estimate the order of parameters which define relaxation processes, Let us assume
that H = O (¢°), then from (4,1) we directly obtain Q, — O (g2*-%), and ¢; =
O(e™=)  (j=1,m,n.

Assuming that  (3,,° = O (1) and retaining only terms of lower order, we obtain

Qy = AkEkU -ﬁ + qx = Eyp, Ak = O (e22-8-5) (4. 5)
6

U— 5 =EA'p, Q=Ep, A =0(P

d

gm = QmAm1 A, = Ots-B-a)

UAn =Eap—qny s=a, A,=0(eP)

For generality, estimates for A; are shown in (4, 5), however, if A; = O (1), then
s=2a—P, s=p,s=Pp + a s = a = f,respectively, for each of the four
kinds of relaxation processes, We introduce the notation

p= U AEH,, %=—JA'EH, 8=— QA EnHn
k 1 m
and substitute the first three formulas of (4, 5) into (4, 1), then
U8 — p,a +xp+6——UZHnaa =K (4.6)

Using formula ¢n = Enp -+ Qn and the first of Egs, (4, 4), we eliminate g¢,, from
(4,6), As the result we obtain »
(— ek + 2 =5 (= 1y="a,K +byp] = 0 (4.7)
T==1
where a, are coefficients of the polynomial P (z) = (z — U'ADY ... (z — U™ARY),
and b, is obtained in the course of derivation of Eq, (4.7
Note that in constructing the nonlinear theory of weakly perturbed flows in conformity
with formula (4,1) for L. S it is necessary to use the equilibrium speed of sound for re-
laxation processes, and the frozen for all others, The condition for absence of derivatives
of Q;in L is satisfied in this case,
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5, Using (4, 6), (4. ), (3. 5), (3, 6), (3. 9), (3, 10) or (3,12) it is possible to derive vari-
ous nonlinear equations which define the flow in regions where the conventional linear
theory is inapplicable,

Let us consider, for instance, a nonstationary supersonic space flow with relaxation pro-
cesses of the first three kinds, Conditions (1,10) are satisfied for Ay, = A4,, = A33 =

Ay =1, 43y = —2My, Ayy = — B (u° = Mw, v° =u° = 0, B*
M2 — 1) ,and consequently [, = 1, U, = — My and U = U, = 0. Th1s
corresponds to variables £ — ¢, E, = E = — 2Mut + 2 — Bz, & =y and

&, = z. Equations
dv _ Ou ou B
® ey o My
define the flow in the region in which in the second case the conventional linear theory
is inapplicable, The order of magnitude of parameters is determined by formulas (3, 7),

Let us consider the nonstationarvy transonic space flow, Conditions {1, 10) are satisfied,
if Ay = dgy = A4 = Ay = M, = 1, and the remaining 4;; are set equal to
zero, We thenhave U/, = U, =1, Uy =U; =0, B = —1and B, = B; =
B, = 0. For relaxation processes close to either the frozen or equilibrium state from
(3,12) and (4, 6) we obtain

du v du ow 2
W e —a—t~+a—y+3§~—7u g—;‘+ug;‘§~—xu+6=0

These equations were analyzed by Ryzhov [17] for a perfect gas,

Note that in this case it is not necessary to assume in the zero approximation Af=1.
Thus, for example, it is possible to assume U? — o? = O (&%) and, using the velocity
potential ¢, for a single relaxation process of the fourth kind from (3, 12) with allowance
for (4, 7) to obtain

9% o o %

A?’%[(Mg"_"i”"y'g%) 8x2+ 8y2 T+ 922 0t6x]+

2 e g ¢ 32‘9
(ﬂf{e_1 Te 6z)8x2 +8q2+612 3:3 =0

The author thanks A, N, Kraiko for valuable remarks during discussion of this problem,
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UDC 533,95
METHOD OF DERIVATION OF THE KORTEWEG — de VRIES — BURGERS EQUATION

PMM Vol, 39, N4, 1975, pp,686-694
M, S, RUDERMAN
(Moscow)
(Received January 31, 1975)

A method of derivation of the Korteweg — de Vries — Burgers (KdVB) equation for
media with dispersion and dissociation, whose behavior is defined by equations
of a fairly general form, is presented, The method is used for obtaining KdVB
equations for collision plasma with Hall dispersion and the Korteweg — de Vries
(KdV) equation for waves propagating in hot collisionfree plasma across a mag-
netic field,

Congiderable attention was recently devoted to the investigation of the Korte-
weg — de Vries equation which provides a good definition of weakly nonlinear
waves in the presence of dispersion in various media waves on shallow water,
ionization sound in plasma, etc, ). Since this equation is at present well known,
its derivation is important for the investigation of wave motion in any medium,
It was stated [1] on the basis of investigation of a number of examples that the



